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Abstract Investigating latent interactions beyond direct connections is essential for analyzing complex
networks. However, traditional graph structures often fail to capture complex relationships, especially in
the high-order interactions among multiple individuals. To address this issue, we extend the graph
isomorphism network (GIN) framework to hypergraphs, treat nodes as self-hyperedges, and propose the
self-hypergraph isomorphism network (SHGIN). Meanwhile, the hypergraph Weisfeiler—-Lehman (WL)
test is also proposed to distinguish different isomorphisms of hypergraphs and improve the representation
power of hypergraph neural networks. Extensive experiments on co-authorship and co-citation networks
demonstrate the effectiveness of SHGIN. The results indicate that our model displays superior hypernode
classification accuracy compared to traditional graph neural networks in semi-supervised learning (SSL).
Furthermore, it surpasses existing hypergraph neural network models in co-authorship datasets,

highlighting its effectiveness in capturing high-order relationships in complex networks.

1. Introduction

A network comprises numerous individuals that engage in
communication, cooperation, coordination, scheduling,
and control to manifest the functional and behavioral
characteristics of the entire system. Each agent functions
as an independent and autonomous entity within the
system.! In practical scenarios, individuals with diverse
characteristics in the network are segmented into various
groups, exhibiting heterogeneity and extensive distribu-
tion. For instance, human social networks inherently form
agent clusters, encompassing diverse individuals and
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organizations within their respective industry domains.?
Within these groups, individuals engage in interactions
and information exchange using diverse approaches,
including connections, sharing information, and collabo-
rative efforts. However, the complexity and diversity of
complex networks often restrict observers from identify-
ing solely the direct connections and interactions between
the systems. Data correlations can be more intricate than
simple pairwise relationships, posing challenges in model-
ing the potential high-order cooperative connections
within traditional graph structures.® Investigating the
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indirect influence and interaction of different groups
enables a comprehensive understanding of the behavioral
characteristics of individuals and facilitates the prediction
of the evolution and trends of these groups.

Motivations: Research of complex interactions in swarm
control on networks motivates effective decision-making.
Hypergraphs, as high-order networks, effectively model
many-to-many relationships by allowing each hyperedge
to connect multiple nodes,* offering significant advan-
tages in swarm formations and guidance systems.
Traditional networks are limited to representing pairwise
interactions, and hypergraphs provide the flexibility to
model multi-agent collaboration and information sharing,
particularly in swarms of drones, robots, or vehicles.
Regular graphs typically handle local interactions in
multi-agent systems, but hypergraphs extend this capa-
bility by directly modeling global relationships, imposing
global formation constraints, and decomposing problems
into subsystems to optimize global solutions.® In naviga-
tion and guidance systems, path planning involves
complex environmental awareness and decision-making
among agents, where their paths are closely interdepen-
dent (e.g., collision avoidance, coordinated navigation).
High-order graph models can more effectively capture and
optimize these inter-agent dynamics, enhancing multi-
agent navigation and guidance in dynamic, complex
environments.® In complex systems and swarm forma-
tions, only direct interactions between agents are
typically observable, while high-order relationships’ and
identification system® are often latent and challenging to
model. Node attributes and labels are frequently used to
represent high-order interactions of agents, but many
entities within swarm formations or networked clusters
may lack such explicit attribute information. However,
effectively modeling these high-order relationships
requires the prediction of missing labels for supernodes,
facing difficulties with incomplete or limited data, to
better capture the dynamics and coordination within the
system. Furthermore, the mathematical formulation of
high-order interactions between multiple agents remains
underdeveloped.

To address the problems of missing label information
and formation grouping in the network, graph neural
networks (GNN) have furnished powerful instruments for
feature extraction and structure learning.’~'? including
node classification, node cluster, and link prediction.
GNN facilitates the encapsulation of both local and global
characteristics of networks, the discernment of relation-
ships, the anticipation of individuals’ behavior and
cooperations. Graph variational autoencoder (VGAE)'!
learns to reconstruct potential connections between

collaborators in team collaboration networks. Graph
convolutional neural network (GCN)' encodes node
features and graph structures in convolutional layers by
coupling feature transformations and neighborhood
aggregation, predicting missing node labels by node
classification tack. Message passing neural net-
work (MPNN)!'* updates node representations by passing
information through the graph, while graph attention
mechanism GAT'® adaptively allocates node weights
using masked self-attention layers, distinguishing the
importance of different neighborhood nodes during
information aggregation. GraphSAGE! achieves com-
mendable results in relationship prediction and individual
classification tasks in collaboration networks by sampling
and integrating nodes’ local neighborhoods considering
different aggregators. However, the presence of diverse
types of heterogeneous data leads to multimodal data
representations, such as visual connections and text
connections. Binary structures have limitations in expres-
sing the correlation of multimodal data, restricting the
application of traditional GNNs and making it challeng-
ing to explore high-order interactions between network
individuals.

To tackle GNNs’ inability to capture high-order
interactions and influences, the combinations of hyper-
graph theory and neural networks have demonstrated
universal learning capabilities and flexible model to
investigate latent connections and model expressive
ability. Hypergraph neural network (HGNN)'" introduces
the hypergraph Laplacian matrix into graph convolu-
tional networks and proposes hypergraph convolution
operations. By flexibly handling hyperedge scales, it
integrates multimodal information into a unified struc-
ture and enables the classification of diverse groups or
individual data. However, HGNN model introduces
excessive noise during information fusion, resulting in
poor performance in semi-supervised tasks. To filter
potential noise and enhance the model’s learning
effectiveness, HyperGCN'® employs the breaking ties
randomly (BTR)'’ and mediator?’ algorithms for node
sampling, selectively sampling binary edges after hyper-
graph expansion. DHNE?! defines first-order and second-
order similarities of hypergraphs, reconstructs the hyper-
graph Laplacian matrix containing structural information
using an autoencoder, but is limited to handle fixed types
and sizes of heterogeneous hyperedges. HyperSAGNN?*
utilizes self-attention mechanisms to aggregate hyper-
graph information, constructing pairwise attention coeffi-
cients between nodes as dynamic features, enabling
flexible learning of relationships between nodes of
different hyperedge scales. These methods typically
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assume that the hypergraph is unique and that each
hyperedge contains at least two nodes. However, due to
the limited representational capacity of hypergraphs,
non-isomorphic hypergraphs are often embedded into
identical node representations through domain-based
neural network models, leading to a degradation in
node classification accuracy. Moreover, existing
approaches tend to neglect self-hyperedges, which
represent critical self-relational information, resulting
in the loss of intrinsic message-passing capabilities at
the node level. Therefore, there is a pressing need for
distinguishing non-isomorphic hypergraph structures,
ensuring that HGNNs maintain both the uniqueness
of structural mapping and improved representational
power, particularly when predicting missing node labels.

Contributions: To address the limitations of classical
GNN and HGNN methods, this paper focuses on
enhancing the capabilities of HGNNs and bridging the
gap in hypernode classification from the perspective of
hypergraph isomorphism theory. The main contributions
of this work are as follows. First, we propose Self-
hypergraph Graph Isomorphism Network (SHGIN) to
address the limitations of structural isomorphism and
construct nodes themselves as self-hyperedges to achieve
higher accuracy of hypernode classification than existing
GNN and HGNN models. Second, we establish equivalent
conditions between the hypergraph Weisfeiler—-Lehman
(WL) test and HGNNs. Specifically, we display that the
hyperedge aggregation and graph readout functions yield a
HGNN as powerful as the hypergraph WL test, capable of
distinguishing non-isomorphic hypergraphs and reaching
the expressive upper bound of HGNN. Third, we address
the challenge that attributes between different individuals
are often unobservable, complicating the detection of
indirect effects and interactions within groups and among
individuals. The absence of identifiable labels further
impedes the assignment of individuals to distinct groups
or formations. Finally, the state-of-the-art methods in this
category are applied to demonstrate the effectiveness of
classification of individual members in real-world networks.

2. High-order Graph Neural Networks

2.1. High-order interaction discovery

Definition 1 (Hypergraph). A hypergraph H(V, E) is
defined by a set of n hypernodes V' = {vy,v,,...,v,} and
a set of m hyperedges E = {ej, e,,...,€,}. The adjacency
matrix H is defined as

1, v €ey,

(1)

otherwise,

where e; = (vgj>, e ,vg)) signifies an unordered set of
nodes on hyperedge e;, with & = |¢;| denoting the number

of nodes in the hyperedge.

Definition 2 (High-order Relationship Discovery). A
network G(V, E), capturing intricate high-order interac-
tions among individuals within a group using a standard
graph structure, can pose a significant challenge. For a
subset of nodes (vy,vs,...,v;), a designed function f is
defined as f(vi,v9,...,0;) > P, (v1,09,...,0;) € E,
flor,v9, ... ;) <D, (v1,09,...,v;) € E, where the func-
tion futilizes the mean function of nodes’ features, and p
is a threshold. If the score p obtained from the hyperedge’s
attention mechanism exceeds the threshold p, it indicates
the presence of a high-order interaction among the
designated node subset (vy,vs,...,v;). Conversely, if
p < D, there is no high-order interaction existing between
the subset.

Through the algorithm designed to uncover high-order
relationships based on node vector features, the network’s
high-order interactions are revealed. For instances, this
process entails constructing the hypergraph incidence
matrix H using a node feature attention mechanism as
shown in Figs. 1(a) and 1(b), where the node subset (v;, vy
,--.,v;) embodies potential hyperedges in the network.
Traditional graph structures face limitations when repre-
senting relationships among individuals in group networks,
emphasizing how the exploration of high-order interactions
offers a superior and more versatile structural model for
elucidating the indirect interactions between nodes.

2.2. Related works

To tackle the issue of missing label information, GCN'?
utilizes labeled data from individuals for semi-supervised
learning (SSL) to classify missing label data. It can be
defined as

H* = (D Y2AD VP H'WY), (2)

where the input is denoted as H! ¢ RV*P, HO) = X, X
denotes the feature matrix and A = A + I represents the
adjacency matrix with self-connections, D is the node
degree matrix, &Z = Z]—A”— denotes the degree matrix, W
represents the parameters of the neural network, and o is
the activation function. However, traditional methods do
not consider high-order interactions among individuals.
Subsequently, HGNN'” was first introduced for
learning hidden layer representations of high-order data
structures. It designs hyperedge convolution operations to
handle data correlations in the representation learning.
Similarly, considering an input hypergraph signal X €
R™C1 containing n nodes with feature dimensions of C,,
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Fig. 1. (Color online) Hlustrations of graph and hypergraph structures along with their corresponding message passing mechanisms. Different colors
represent node labels. (a) Graph G' = (V,£). (b) Hypergraph H = (V, £). (c) Message passing mechanism in a GNN: h¢, = é1(ha,vs @2 (D uenw)haw))s
where hg, is the feature vector of node v, N(v) is the set of neighbors of v, and ¢; and ¢, are functions for processing messages and updating node
features. (d) Message passing mechanism in a HGNN: hyz, = ¢1 (i, $2(3_,c i, i), where by, is the feature vector of node v, E, is the hyperedges’

set that connects node v, and ¢; and ¢, are the same as GNN.

the hypergraph convolutional layer is defined as
XY = o(D, " HWD'HTD;'?X0),  (3)

where W represents the parameters of the neural network
layer, © denotes learned parameters during training. The
convolutional kernel © is applied to extract features from
all nodes in the hypergraph. X € R"™C denotes the
signal of the hypergraph at the Ith layer, with X(©) = X,
and o denotes a non-linear activation function. HGNN
effectively extracts high-order correlations on the hyper-
graph through the node-edge-node transformation. How-
ever, it faces challenges when simplifying the hypergraph
to a conventional graph in the clique expansion process, as
it cannot handle substructures, such as hyperedges
recursively containing other hyperedges, where internal
hyperedges cannot be identified through clique expansion.

Dual-channel Hypergraph Collaborative Filtering
(DHCF) algorithm®® enhances the representation learning
process for user and item structural information. By
incorporating the results from the previous layer, DHCF
accelerates model convergence. This dual-channel struc-
ture achieves collaborative filtering goals while maintain-
ing user and item distinctions. However, the model’s
inter-object relationships rely solely on weight sharing,
making connections highly dependent on data quality,
posing challenges with noisy data. Based on the BTR
algorithm'? and the mediator algorithm,?’ HyperGCN'®

samples nodes and filters binary edges after unfolding the
hypergraph, aiming to improve model learning effective-
ness by filtering out potential noise. Although HyperGCN
enhances the hypergraph Laplacian matrix by considering
additional edge weights, it still struggles with preserving
complex hypergraph information.

Hypergraph Networks with Hyperedge Neurons
(HNHN)?* proposes a hypergraph convolutional network
that applies nonlinear activation functions to hypernodes
and hyperedges, allowing flexibility to adjust the importance
of high-cardinality hyperedges and high-order vertices.
Initially, the model extracts neighborhood information
from the hypergraph structure and computes normalization
factors. Subsequently, in each layer of HNHN’s hypergraph
convolution, signals propagate from hypernodes to hyper-
edges. Similarly, signals are then transmitted back from
hyperedges to hypernodes, utilizing node embeddings
obtained through a multi-layer neural network. The model
calculates loss via cross-entropy, predicting the difference
between predicted labels and target labels. This model
enables flexible information propagation and learning on the
hypergraph, capturing complex relationships within the
hypergraph through nonlinear activation functions and
node-specific normalization.

Hypergraph Semi-supervised Aggregation (Hyper-
SAGE)* avoids information loss by directly processing
hypergraphs without converting them into ordinary
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graphs. Its two-stage information propagation mechanism
is defined as

{hi,e = M ({z;}jentiea))s

'ii = W(xz + MZ({hi,e}CEE))a (4)

where W represents a linear transformation, M; and M,
are power mean functions, N(i,e) denotes the neighbors
of node ¢ within hyperedge e, and N(i,e,a) samples a
nodes from N(i,e). HyperSAGE model excels in hyper-
graph learning tasks. However, the original algorithm
suffers from computational inefficiency in calculating
hyperedge representations as it depends on different (i, e)
pairs, leading to redundant nested loops. Additionally,
both stages employ power mean functions which are not
injective, resulting in it unable to distinguish isomorphic
problems within the hypergraph.

In response to the issues in HyperSAGE, Unified
Graph Neural Network (UniGNN)? modifies the two-
stage message passing mechanism, where node embed-
dings are updated by aggregating neighbor embeddings,
defined as

{hi,e = o1({5}jee ) (5)

T; = o + {he}ecr),

where ¢; and ¢, are permutation-invariant functions. In
the initial phase, ¢; consolidates node attributes within
every hyperedge e, and h, signifies the attribute of an
individual node in a typical graph. In the second stage, ¢,
updates individual nodes by aggregating the representa-
tions of hyperedges associated with them, which repre-
sents the set of directly connected neighbors in the
communication graph. Meanwhile, UniGNN extends
classic GNN models to hypergraphs by incorporating
information weighting for nodes across different hyper-
edges in graph convolutional networks, leading to
UniGCN and UniGAT, considering information embed-
dings of nodes and hyperedges. Furthermore, in the
GraphSAGE model, UniGNN utilizes hyperedge weight-
ing for connection aggregation based on different tasks. In
deep convolutional networks, to overcome the issue of
excessive smoothing during training, UniGCNII intro-
duces initial residual connections and identity mapping,
extending this concept to hypergraphs and the process
can be defined as

Cd; =, (6)
Z; = ((1 =B+ W)((1 — a)z; + azy),
where o and § denote hyperparameters, I represents for

the identity matrix, W signifies the trainable parameters
of the neural network, and ! is the initial feature vector

of node i. In each layer, UniGCNII employs a two-stage
aggregation similar to UniGCN, and then injects
knowledge from previous layers to the current layer
through skip connections.

3. Self-Hypergraph Graph Isomorphism Network

GNNs capture the structure of graphs through node
embeddings, updating each node’s feature vector by
recursively aggregating features from adjacent nodes.
This mechanism leverages the WL test to aggregate
neighborhood information, characterizing different node
labels and distinguishing non-isomorphic graphs, as
shown in Fig. 1(c), where node v, aggregates label
information from its neighbors N(vy) = {vy,v3,v7}.
However, in HGNNs, the message-passing mechanism
breaks the local neighborhood concept and instead
updates via hyperedges that connect nodes, as illustrated
in Fig. 1(d).
information from all nodes on the edge, and then node

Here, hyperedges e; and e, aggregate

vy updates its information by aggregating the information
from hyperedges e; and e,. To effectively address the
challenge of distinguishing non-isomorphic structures
within the context of information propagation across
nodes and hyperedges in hypergraphs,?”?® HGNNs map
different structural configurations to similar or identical
embeddings. To mitigate this issue, we incorporate
concepts from multiset theory to develop a theoretical
framework for hypergraph WL test. Establishing the
equivalence conditions between HGNN and the hyper-
graph WL test enables these methods to predict missing
node labels accurately and achieve precise classification in
hypergraphs that contain unlabeled nodes through the
representation learning.

3.1. Preliminaries

Graph WL test??? updates node attributes based on the
degrees and properties of neighboring nodes in each
iteration. Specifically, the label of node v is concatenated
with the sorted labels of its neighbors, and then hashed to
a new label. This process captures the local structure
around each node and allows for the detection of
structural differences between graphs.

Lemma 1. Let A: G — R% be a GNN with k layers. If A
maps two mon-isomorphic graphs G, and Gy such that
A(G,) # A(G,), then G, and Gy are non-isomorphic
according to the WL test.

Theorem 1. GNN A: G — R¢, with k layers, A maps
two graphs G, and G, that are WL tested to be non-
isomorphic to different embeddings, if satisfied A
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itemtively aggregates and updates node features

=61 (hi,), 6({hl) ue N)Y),  (7)

where ¢,y are injective functions. The graph-level
readout function for A operates injective on the multiset
of node embedding features.

3.2. Theoretical framework

In HGNNs, hyperedge aggregation replaces neighborhood
aggregation, and the information transfer mechanism
extended to hypergraphs can be defined as follows:

{ v,e ¢2({mu}u€(’)a
- ¢1 (J:’u + {hue}eeEl,L

where ¢; and ¢, are permutation invariant functions. In
the initial phase, ¢» merges the attributes of the nodes in
each hyperedge e, and h, . represents the attributes of a
single node v in a typical graph. In the second stage, ¢;
updates individual nodes by aggregating hyperedge
representations associated with them in Fig. 1(d). That
is, this procedure aggregates the node features on all
hyperedges e connecting node v considering high-order
interactions. To enhance the learning capabilities of
HGNNs, we extend the WL test’”?® in graph isomor-
phism networks to the realm of hypergraphs.

(®)

Definition 3. Hypergraph H(V, &), Vv € V, the label of
node v is initialized to [ }(}AU = 0 at iteration 0 according to
the WL test. The node labels are updated at iteration k as
follows:

{@=H$$hw veed,

lg];tl) = {{l(fllc,)wl(fllc,)e}}ceEU? Vo € V7

Step 1: Labled hypergraphs H, and H,

® @ @ G

® ® ® ®
® @ @® @
:l;,o) H, :l;,o)

Step 3: Label compression

1,1245 —» 2,14 —10 4,224 —»
1,23 —7 22345 —11  4,123445— 15
1,4 —8 31234 — 51235 —»
2,12345 —9 325 —13 524 — 17

where {{-}} denotes a multiset, and l(Hk?e is the label of
hyperedge e € £.

By contrast, hypergraph WL test updates node
attributes based on the concatenation of node properties
across all connected hyperedges as shown in Fig. 2. This
approach considers a more complex pattern of connectivi-
ty, as it takes into account the information from all nodes
participating in the hyperedges connected to node v. The
labels are then hashed to new labels, allowing for the
distinction of hypergraphs based on their structural
characteristics and labels.

Lemma 2. Let Ey, denote the set of hyperedges

containing node v, and let lHU and th represent the

label and feature vector of mode v in hypergraph H at
iteration j, respectively. If the conditions hold, for
iterations 0,1, ...k,

{121 =19, vi<k,

_ _ (10)
B = b Vi< k-1,

then, for nodes v; € H, and vy € Hy, zle o ly}; by 1

follows that h(Hhv1 = hs%)m at iterations k.

Proof. At iteration k=0, the condition holds. By

induction, it follows that for all j < k-

which implies h<H " = —hY H " . At iteration k, given 1k H o =

l ELZ)M , we have

O S Y ey )Y
— O S  er, )Y (D)

1 lHl v T le-,Uz’

Step 2: Multiset-label upgraded by self-hyperedge

SAgin

A(H,)

Step 4: Relabel

(D—@ (D—
L2

® @ E—©

AHyp) 1) A(Hp) 1)

Fig. 2. Illustrations of the hyper%raph WL test for distinguishing non-isomorphic hypergraphs H; and H,. Step 1: Label the nodes of two hypergraphs

based on the observed labels [ (HO

— Hy, Z(HOZ) — H,. Step 2: Map A : H — R¢, update the multiset-label information for each node by aggregating

according to the hyperedge relations. Step 3: Compress the multiset labels and assign them as new node labels. Step 4: Relabel the nodes with new labels

1) — A(H) 1Y) — AH).
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By the inductive hypothesis, we obtain

{hl ) b P ern, )1
= {5 S e, )Y (12)

Note that A is injective, and the HGNN function’s
aggregation function generates the same output

(k) _ 3 )
hHl,vl - hHQ,UZ' O

Lemma 3. Let A: H — R? be a HGNN with k layers. If
A maps two non-isomorphic hypergraphs H, and Hy such
that A(H,) # A(H,), then H, and Hy are non-isomorphic
decided by WL test.

Proof. Suppose there exists k>0 such that after &
. k k

A(Hy) # A(Hs,), that is, bl # hl), but the

graph WL test does not indicate that H; and H, are non-

iterations,

isomorphic, i.e., l( l
For k=0, then l l 1mplies h(Hol) = hgz This
means that both the WL test and A start with the same

labels and features, which contradicts our assumption.
For k£ > 0, then l(kfl) = l<k71) and h(kf1> = hgtl). Given
that l =1 H , by Lemma 2, we obtain

(k) _ (k) (k) _ (k)
lHl,'Ul - ZHZ,UZ’ hHlA,Ul - thﬁvQ' (13>

This implies the existence of a mapping B such that

B(Z(Hkvl)) h(Hk V. Since Uy k) lﬁq), we have

{5 e = {0500, e (14)

s.t.

{BAY I haen = {BAY Ve, (15)

Consequently,

R = () Wen = B ) en
= {BAY ) Puev, = RS Ve, =Rl (16)

This conclusion contradicts the original assumption,
thus proving that the original conclusion holds. O

Theorem 2. Let A:H — R? be a HGNN with k layers.
If A maps two hypergraphs H, and Hy that are determined
to be mom-isomorphic by the WL test to different
embeddings, then A satisfies the following conditions:

1. Iterative Aggregation and Update of Node Features:

Py = o1{{ (g, (b huee)eer), (A7)

where ¢, and ¢y are injective functions.

2. Injective Graph-Level Readout Function: The graph-
level readout function for A operates injectively on the
multiset of node embedding features.

Proof. Suppose there exists an injective mapping B*)
such that B(@(lg;)v) — h(Hk?v. For k=0, B

mapping in the case of [ g)L and hg)v are the same. For

is the identity

k>0, assuming the injective mapping B®*)
show that it holds at iterations k + 1,

P = o ({{(AY s (b i) Yeer,). (18)

Since the composition of injective functions ¢; and ¢,
is also injective, we can rewrite this as

RtV = oL % LR Y M uee) Ve,
= o({{BPAG), {({IBOAR )} uce) eer,)

_ Blk+D) ({{(Z(Hk?qﬂ {{l%?u}}uge)}}eeE,,)
_ B(,CH)(Z(HJCIU). (19)

exists, we

Here, ¢ is the injective function induced by ¢; and ¢,,
and B*+1 is the injective function induced by ¢ and B®*)
Thus, by induction, there also exists a injective mapping

B®) such that B® (] (k>v) — h<k> :
#IH ) then {{lHl vl}}vlevl 7&{{ H,, Lz}}weVz
Therefore, by the injectivity, we can derive similarly that
H1 = {{lHl vl}}MEVl = {{B ( Hy, 7;1)}}1116‘/1
k
# B W) o) Ve, = o uer, = hig)- (20)
O

Consequently, if at

iterations £, l

3.3. SHGIN algorithm

To leverage the powerful expressive capabilities of the WL
test on hypergraphs, which employs an injective aggrega-
tion update process, the incorporation of node-hyperedge
structures is utilized to enhance the capture of relation-
ships among nodes in hypergraphs, resulting in improved
model performance. In current HGNN learning methods,
the construction of hyperedges typically relies on node
neighborhoods, with hyperedge sizes often being |e| > 2.
However, the features of nodes themselves within a
hypergraph influence the flow of “node-hyperedge-node”
information during the training of neural networks.
Analogously, in GNN training, directly combining node
features is a common strategy to address challenges such
as gradient issues. Consequently, the hypergraph is
preprocessed by introducing self-loop to consider the
information and self-dependence of nodes. This involves
assigning each node v; € V to a hyperedge e = {v;} € E,
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Fig. 3. Illustration of the node classification task. Mapping function A: GNN/HGNN learns the entire structure and incomplete labels of the observed

nodes and predicts unobserved labels of nodes.

effectively treating each node as a hyperedge, allowing for
the integration of its own information. Inspired by the
Graph Isomorphism Network (GIN),*” the framework of
the Self-hypergraph Graph Isomorphism Network con-
sists of the two-phase message passing mechanism process
on hyperedges, as follows:

Step 1: Aggregate hyperedges’ information from
connected nodes:

hg.el) Z h<Hkul ) (21)
uel'(e)

where T'(e) denotes the set of nodes connected by
hyperedges e.

Step 2: Update node feature using hyperedges
aggregation:

i, =MLP® | (1+eM)nfy Y +

Zh““ o (22)

eeE

where ¢ is a training parameter, hg?v denotes the

representation of node v at layer &k, hg;l) is the
representation at the previous layer, E, represents the
subset of edges related to node v, including the hyperedge
formed by the node itself, and h%’;;l) is the representation

of hyperedge e at the previous layer.
Equivalently, this can be defined as

z,=W (1+€)xv+zhe ) (23)
eck,

where x, represents the input signal of node v, and Wis a
weight matrix used to transform the aggregated node and
hyperedge representations. Unlike the neighborhood

aggregation process in GNNs, where information is
aggregated from immediate neighboring nodes, the
SHGIN model leverages higher-order interactions to
aggregate node features over the entirety of hyperedge
e. This approach allows for a comprehensive integration
of information from multiple nodes simultaneously,
capturing richer structural dependencies.

3.4. Hypernode classification

In the task of semi-supervised node classification on
hypergraphs, the labels y, of some nodes in the
hypergraph can be observed, and some nodes are
unlabeled as shown in Fig. 3. SHGIN model aggregates
node information under high-order relationships through
hyperedges to predict missing labels of nodes. The
objective function can be defined as

min Ry, () + AAG), (24)

where G denotes the predicted node embeddings or class
scores § = G(H,X) generated by the hypergraph node
classification model, R.,,(G) represents the empirical
supervised loss, denotes mzuemerossEntropy

(s, Ys), and X denotes regularization parameter, (G)
represents the penalty term for the normalization process.
Specifically, the definition of (G) is given by
Q(G) = GTA, where A is the hypergraph Laplacian
operator defined as A=1-— D;l/QHDngTDfp,
where H € R™™ represents the hypergraph adjacency
matrix, D, € R"*" is the degree matrix of the hypergraph
nodes, and D, € R™™ is the degree matrix of the
hyperedge e. To illustrate how the SHGIN model
performs on the node classification task through the
hypergraph WL test, the detailed process is presented in
Algorithm 1.
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Algorithm 1. Self-hypergraph Graph Isomorphism Net-
work (SHGIN) with WL Test for Node Classification
Task

1:

10:

11:

13:

15:

18:
19:
20:
21:

22:
23:

Input: Hypergraph H = (V,E), features
hp,v, labels yg,, iterations number 7', train-
ing/test/validation set Vizin, Viest, Vval, learning rate 7,
epochs number Nepochs
Output: Node embeddings and test accuracy
Initialization:
for each node v € V do

Initialize node feature hOHm input feature matrix
or uniform initialization

Initialize labels l?{,u to y, > For labeled nodes in
training set

Add self-hyperedge e, = (v,v) to E > Capture
self-dependencies
end for
Initialize model G as an multilayer perceptron and
Adam optimizer
Set stopping criteria: max number of epochs Nepochs,
patience for early stopping p, and loss threshold
for epoch = 1 t0 Nepochs do

fort =1to T do > Run T iterations of the WL
test during each epoch

> Hypergraph WL Test
for each node v € V do
Aggregate hyperedges’ features from

nodes connecting to hyperedges:

Wy 0= 3" hi D vuee
u€el'(e)

> Aggregation as Equation.(21)
Update node v feature using hyperedges
aggregation

W, =MLP® | (14 M)l D+ 3™ pf0 )
eEEU

> Process as Eq. (22), where €(*) denotes training
parameter
end for
end for
> Loss computation and backpropagation
Forward pass: § = G(H, X)
Combine loss terms: empirical loss and regular-

ization >
as Eq. (24)
1
Erain T a— CrossEntro yAqn Yv +A0 g )
i = [ > Py (G, 90)+AQ(G)

V€ Viain

Backpropagate loss: L,in.-backward ()
Update model parameters: optimizer.step()

24: > Early stopping criteria based on validation
loss

25: Compute validation loss Ly, on Viy

26: if L., does not improve for p epochs or Ly, < €
then

27: Early stopping triggered

28: break

29: end if

30: end for

31: Evaluate the SHGIN model on the test node set Vieg
32: Return Node embeddings h g, and test accuracy

4. Experiments

Datasets. To demonstrate the effectiveness of high-order
neural network models and evaluate the advantages and
limitations of various approaches. Academic co-citation
network and co-authorship network datasets are consid-
ered for testing node classification tasks in networks of
cooperation that take into account high-order relation-
ships in Table 1. The co-citation network datasets consist
of Cora (n =2708, m = 5429),°! Citeseer (n = 3327,
m = 9464), and Pubmed (n = 19,717, m = 88,676),*
their hyperedges represent all documents referenced by
the authors, and co-authorship networks, such as
Cora (n = 2708, m = 5429)*' and DBLP (n = 4095,
m = 14,328),%" its hyperedges connect all documents co-
authored by an author.

Implementation details: HGNN models are trained
using the cross-entropy loss function, utilizing the Adam
optimizer. The batch size is 64, and training is terminated
prematurely at 200 epochs if no loss reduction is detected
on the validation set, with a maximum of 300 epochs
allowed. Train for 300 epochs, repeat the node classifica-
tion task three times by selecting models from the
validation results within each epoch, and calculate the
mean and variance of the results.

Results. The results indicate that the SHGIN model,
leveraging the information of self-loop edges formed by
individual nodes, outperforms traditional GNN and
HGNN models in terms of classification accuracy. As
shown in Table 2, in the co-authorship network datasets,
on Cora, SHGIN displays superior accuracy of 76.6%,
better classifying the attributes of authors within co-
authorship networks, and outperforming other High-
order neural network models significantly. On the
DBLP dataset, SHGIN achieves an accuracy of 89.1%,
outperforming models such as UniGIN and UniSAGE,
which have accuracies of 88.5% and 88.6%, respectively.

As illustrated in Table 3, in the co-citation networks,
UniGCN achieves the highest performance with an
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Table 1. Details of datasets with high-order interactions.
Dataset Nodes Edges Features High-order interactions
Co-authorship Cora 2708 5429 1433 Co-authored papers forming group relationships
DBLP 31,546 115,515 334 Multi-author collaborations in academic circles
Co-citation Cora 2708 5255 1433 Papers co-cited, revealing related topics
Citeseer 3327 4732 3703 Co-cited papers highlighting related research
Pubmed 19,717 44,338 500 Co-citations forming cohesive themes

Table 2. Accuracy (%) of semi-supervised hypernode
classification of hypergraph models in co-authorship

datasets.
Co-authorship
Category Methods Cora DBLP
GNN* GCON* 70.3 £ 4.75 88.2 £ 0.57
GraphSAGE* 71.8 £+ 3.59 87.3 £ 0.31
GIN* 61.2 + 2.93 76.5 £+ 0.54
MAGAE* 75.6 £ 0.41 87.9 £ 0.62
Graphite* 74.8 £ 0.31 88.1 £ 0.73
HGNN HGNN 59.2 £+ 3.19 76.4 £ 0.39
HGNN * 63.2 + 2.73 77.1 £ 0.57
HyperGCN 54.5 £ 1.17 75.9 £ 0.56
HyperSAGE 68.4 + 1.39 78.1 £+ 0.42
HNHN 69.3 £ 2.13 85.1 £ 0.49
HGCN 73.6 £ 1.02 86.9 + 0.73
UniGCN 69.9 £+ 0.55 87.5 £ 0.41
UniGCNII 68.7 + 0.91 88.4 + 0.78
UniGAT 71.1 £0.78 88.4 £ 0.57
UniSAGE 73.9 £ 1.19 88.6 + 0.81
UniGIN 74.3 £ 1.29 88.5 £ 0.14
SHGIN (ours) 76.6 +1.12 89.1 £+ 0.27

Notes: The best or competitive results are highlighted
below. All experiments are implemented in PyTorch and
executed on NVIDIA A6000 GPUs.

Table 3. Accuracy (%) of semi-supervised hypernode classification of
hypergraph models in co-citation datasets.

Co-citation

Category Methods Cora Citeseer PubMed

GNN* GCN* 823+0.78 71.7+£0.65 77.4+0091
GraphSAGE* 809 +£0.23 70.6 +0.29 76.4 +0.75
GIN* 571+ 048 53.8+0.37 747 +£041
MTGAE* 79.0 £0.32 71.8+£0.12 T775+0.34
Graphite* 82.1+0.06 71.0=£0.07 78.3 £0.03

HGNN  HGNN 81.9 +£0.24 54.7 £0.52 78.3 £ 0.57
HGNN * 80.6 £ 0.36  60.6 £ 0.47 78.5 £ 0.30
HyperGCN 70.5 £ 0.42 62.7 £ 0.61 75.9 £ 0.43
HyperSAGE 713 £0.12 69.3 +£0.19 785 + 0.61
HNHN 51.8 £ 0.28 64.8 £0.35 40.7 £0.13
HGCN 799+ 043 71.9+0.18 78.3 £ 0.49
UniGCN 82.7 £0.59 712+ 047 78.1 4 0.57
UniGCNII 76.3+£0.74 689+ 0.69 72.6+1.03
UniGAT 81.8 £ 0.85 70.9 £0.68 78.2 £ 0.48
UniSAGE 794+149 71.1+£0.94 781 +0.93
UniGIN 7814+193 7254086 T77.3+£0.74
SHGIN(ours) 79.6 +£1.21 72.7 £ 0.13 78.4 + 0.47

Notes: The best or competitive results are highlighted below. All
experiments are implemented in PyTorch and executed on NVIDIA
A6000 GPUs.

accuracy of 82.7% on the Cora dataset. Compared to
UniGIN, our model demonstrates a slight improvement in
classification accuracy, reaching 79.6%, while the classifi-
cation accuracy of the UniGIN model was 78.1%, and the
GOCN model has a slightly lower accuracy of 82.3%. On
the Citeseer dataset, SHGIN exhibits an accuracy of
72.7%, surpassing other baseline models and exceeding
the 72.5% accuracy of UniGIN. On the PubMed dataset,
our model outperforms most High-order neural network
models with an accuracy of 78.3%. The HGNN and
HGNN™ models also demonstrate strong classification
performance, achieving accuracies of 78.3% and 78.8%,
respectively. These results highlight that our model
outperforms traditional GNN and high-order neural
network models.

For the hypergraph node classification task, the two-
stage information propagation process of model SHGIN,
which aggregates feature information on hyperedges (self-
hyperedge) and hypernodes, demonstrates stable perfor-
mance with good accuracy on the hypergraph. This
performance surpasses traditional GNN models. The
high-order neural network model allows for the investiga-
tion of intricate high-order connections within coopera-
tive networks, facilitating accurate node classification
even in scenarios, where node labels are not explicitly
distinguished in the hypergraph. Meanwhile, the experi-
mental results demonstrate that extending graph isomor-
phism network to hypergraphs enables more flexible and
effective aggregation of interaction information on
hyperedges, capturing richer structural features. This
approach distinguishes the hyperedge structures of
isomorphic hypergraphs, enhancing the model’s represen-
tation learning for nodes within hyperedges, and yielding
better performance and generalizability.

5. Conclusion

In the study of different cooperative behaviors of
individuals within complex systems, analyzing high-
order cooperative relationships can better capture the
characteristics of network nodes, such as in co-citation
networks and co-authorship networks. Traditional neural
network models struggle to explore latent high-order
cooperative relationships within these networks, whereas
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HGNN models exhibit satisfactory learning capabilities.
Inspired by high-order neural network methods, we
consider that graph isomorphism networks can be
extended to hypergraphs and possess strong representa-
tion learning abilities. We propose SHGIN model, provide
an explicit mathematical framework to describe the
information transmission mechanism of high-order inter-
actions and establish the equivalent conditions for
HGNNSs to the WL test. Additionally, the upper bound
of the expressibility of HGNN is also demonstrated
through theoretical analysis. Compared with the classifi-
cation accuracy of HGNN models on the co-authorship
networks, SHGIN outperforms other baseline models.
Meanwhile, HGNN models achieve considerable accuracy
on high-order networks, comparable to GNN models on
general graphs.

In addition, traditional graph structures are limited in
capturing higher-order interactions within heterogeneous
data. Our model addresses these limitations by effectively
learning high-order interactions and distinguishing non-
isomorphic hypergraphs using the hypergraph WL test.
This capability is crucial for comprehensively analyzing
indirect influences and interactions among multiple
intelligent communities, understanding individual beha-
viors, and predicting trends in collaboration and evolu-
tion. Recent advancements in high-order graphs have
been applied to satellite cooperation and communication.
For example, the multi-aspect expanded hypergraph*
captures the roles of satellite communication and inter-
domain resources by representing hyperedges with similar
characteristics across different aspects, thereby reducing
redundant connections. It models the multi-domain
resource allocation problem as a mixed integer linear
programming problem to maximize task completion rates.
In the communication domain, hypergraphs have been
used to address quality of transmission constraints in
multi-lightpath communications.®® It captures the cou-
pling effects due to stimulated Raman scattering,
enabling more accurate and efficient parallel virtual link
mapping, thereby alleviating the long-range signal
blocking problem in next-generation communications. In
future work, our work can be further extended to apply
the challenges of navigation control and swarm evolution,
such as efficient communication patterns of base stations,
heterogeneous unmanned swarm formation combination
problems.
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